
       
 

  
   
    
 

 

 

 

 

  
  

 
 

 
  

 

  

 

   

 

  

  
 

 
 

 

 
 

   
 

 
   

 
 

 
 

 

  
  
  

 

 

 

 

 
  

    
  

5.72 Problem set #4 (spring 2012) Cao 

I. Harmonic Oscillator 
21) For a harmonic oscillator, show that 𝐶(𝑡) = 〈𝑥(𝑡)𝑥(0)〉 satisfies 𝐶̈ + 𝜔 𝐶 = 0 .0

̃( ) = ∫ 𝐶(𝑡)𝑒𝑖𝜔𝑡𝑑𝑡2) Solve for 𝐶(𝑡) and its Fourier transform 𝐶 𝜔 . 

3) The forced oscillator obeys the equa ti on of mot ion 


𝑒−𝑖𝜔𝑡 𝑚𝑥̈ + 𝑚𝜔02𝑥 = 𝑓(𝜔) .
 
Derive the expression for 𝜒(𝜔) from the a bove equation. 


4) Write the formula for 𝐾(𝑡). 

̇ 𝜒′′ 𝛽𝜔
5) Verify 𝐾(𝑡) = −𝛽𝐶(𝑡) [i.e. = 𝐶̃(𝜔)]. 

2 

6) *Verify the Kramers-Kronig re latio ns. 

II. The relax atio n o f ro tational m otions  can be de scribed by the rotational diffusion 
𝜕𝑝 ∇2 2equation 
𝜕𝑡 

= 𝐷𝑅 𝑝, where ∇ is  the angular pa rt o f  the Laplacian operator 
21 𝜕 𝜕 1 𝜕

∇2= ൬si ൰ + .2 2sin𝜃 𝜕𝜃
n 𝜃 
𝜕𝜃 sin 𝜃 𝜕𝜙
 

1) Show that the average orientation 𝑢(𝑡) = 〈cos 𝜃(𝑡)〉 satisfies
 
𝑢̇ (𝑡) = −2𝐷𝑅𝑢(𝑡).
 

2) Show that the orientation al cor re ation function i s given byl 
1 −2𝐷𝑅𝑡𝐶(𝑡) = 〈cos 𝜃(𝑡) cos 𝜃(0)〉 = 𝑒 .
3 

3) Write down 𝐾(𝑡), 𝜒′ , and 𝜒′′. 
4) Calculate the response to a monochromatic force 𝐹(𝑡) = 𝐹 cos 𝜔 𝑡 , which 0 0 

′ couples to th e system acco rd ing to 𝐻 = −𝐹(𝑡) cos 𝜃(𝑡). 

5) Calculate the average absorption ra te .
 
(Ref: McQuarrie, p. 398, prob. 17-19)
 

III. Repeat the steps in Problem I for a da mped oscillator de scr ibed by 
𝑚𝑥̈ + 𝑚𝛾𝑥̇ + 𝑚𝜔02𝑥 = 𝑓(𝑡) + 𝐹(𝑡),
 

where 𝑓(𝑡)  is the random force and 𝐹(𝑡) is th e  ex ternal driving force.
 
1) Show the position co rrel atio n f un ction  satisfies
 

2𝑚𝐶̈ + 𝑚𝛾𝐶̇ + 𝑚𝜔0𝐶 = 0 
2 −1with the initial condition 𝐶(0) = (𝛽𝑚𝜔0) . 


2) Derive explicit expressions fo r 𝐶(𝑡) and i ts F ourie r tr ans form 𝐶̃(𝜔). 

3) Show that under the exter nal f orce the a verage p osi tion 𝑥̅ satis fi es
 

𝐹(𝑡)
𝑥̅̈ + 𝛾𝑥̅̇ + 𝜔02𝑥̅ = .

𝑚
 
4) Solve 𝜒(𝜔) from the above eq uati on.
 
5) Derive 𝐾(𝑡)  using the expression for 𝜒(𝜔)  found a bove. 
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6)	 Verify 𝐾(𝑡) = −𝛽𝐶̇(𝑡). 

IV. *De riva tion of quantum response theory (Ref: McQuarrie, Berne, Kubo, Reichl). 
11) Define the quantum Liouville operator as ℒ𝐴 = [𝐻, 𝐴]. Show that 𝐴̇(𝑡) = 
ℏ 

𝑖ℒ(𝑡)𝐴(𝑡) and 𝜌̇ = −𝑖ℒ𝜌 , where 𝜌 is the density matrix and 𝐴(𝑡) is a Heisenberg 
operat or. 

2) Give n 𝐻 = 𝐻0 − 𝐴𝐹(𝑡), use perturb ation theory to show 
𝑡 

′ ′〈𝐴(𝑡)〉 = න 𝐾(𝑡 − 𝑡 )𝐹(𝑡 )𝑑𝑡′ , 
−∞ 

𝑖where 𝐾(𝑡 − 𝑡′) = 
ℏ
〈[𝐴(𝑡), 𝐴(𝑡′)]〉. 

13)	 Show th at the classi ca l limit of t he quantum commutator is: 
𝑖ℏ 

[𝐴, 𝐵] = {𝐴, 𝐵}, 
where { , }  is the Poisson bracket.
 

4) Show that the classical limit of 𝐾(𝑡) is −𝛽𝐶 ̇(𝑡). 


V. Spectroscopic measurements are expressed as polarization responses.  We calculate 
the respon se function of a linear h ar monic o scillator as an ex lamp e.
 
1) The linear response function i s  defi ned as
 

𝑖	 𝑖 
[𝑅(𝑡) = ⟨0|[𝛼(𝑡), 𝛼(0)]|0⟩ = ⟨0|𝛼(𝑡)𝛼(0)|0⟩ − ⟨0|𝛼(0)𝛼(𝑡)|0⟩],

ℏ ℏ 
where the transi ti on dipole is assumed to be line ar in coordi nate 𝛼(𝑡) = 𝛼 𝑥(𝑡).0 

sin 𝜔𝑡Show 𝑅(𝑡) = 
𝑚𝜔 
𝛼2 .0 

Useful expressi ons: 

𝑥(𝑡) = ට ℏ ൫𝑎𝑒 −𝑖𝜔𝑡 + 𝑎†𝑒𝑖𝜔𝑡൯, ൻ0ห𝑎𝑎†ห0ൿ = 1, ൻ0ห𝑎†𝑎ห0ൿ = 0 .
2𝑚𝜔 

2)	 Show that t he same r esult can be obt ained classically b y repl acing  the q uantum 
commutation with the Poisson bracket, 

𝜕𝛼(𝑡) 𝜕𝛼(0) 𝜕𝛼(𝑡) 𝜕𝛼(0)1
[𝛼(𝑡), 𝛼(0)] → {𝛼(𝑡), 𝛼(0)} = −

𝑖ℏ	 𝜕𝑥(0) 𝜕𝑝(0) 𝜕𝑝(0) 𝜕𝑥(0) 
𝑝(0)Useful expression: 𝑥(𝑡) = 𝑥(0) cos 𝜔𝑡 + 
𝑚𝜔 

sin 𝜔𝑡 
3)	 The non-l inear response func tion is defi ned as 

2𝑖
𝑅(𝑡1, 𝑡2) = ൬ ൰ ൻ0หൣ[𝛼(𝑡1 + 𝑡2), 𝛼(𝑡1)], 𝛼(0)൧ห0ൿ,

ℏ 
If 𝛼 = 𝛼0𝑥, show 𝑅(𝑡1, 𝑡2) = 0 from the ba lanc e of 𝑎  and 𝑎† operators. 

4) *To obtain non-vanishing non-linear response for the harmonic oscillator, we 
introduce a non-linear coordinate dependence, 

0 
′ 2 + ⋯𝛼 = 𝛼 𝑥 + 𝛼 𝑥
 

Show that the leading order term in 𝛼′ is pro po rtional to 𝛼02𝛼′. 
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