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Generalized coordinate finite element models

LECTURE 4 Classification of problems; truss, plane stress, plane
strain, axisymmetric, beam, plate and shell con-
ditions; corresponding displacement, strain, and
stress variables

Derivation of generalized coordinate models

One-, two-, three- dimensional elements, plate
and shell elements

Example analysis of a cantilever plate, detailed
derivation of element matrices

Lumped and consistent loading

Example results

Summary of the finite element solution process
Solution errors

Convergence requirements, physical explana-
tions, the patch test

TEXTBOOK: Sections: 4.2.3, 4.2.4, 4.2.5, 4.2.6

Examples: 4.5, 4.6, 4.7. 4.8, 4.11, 4.12, 4.13, 4.14,
4.15, 4.16, 4.17, 4.18
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Fig. 4.14. Various stress and strain
conditions with illustrative examples.

(a) Uniaxial stress condition: frame
under concentrated loads.
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Fig. 4.14. (b) Plane stress conditions:
membrane and beam under in-plane
actions.

u(x,y), v(x,y)
are non-zero

w=0 ,ezz=0

Fig. 4.14. (c) Plane strain condition:
long dam subjected to water pressure.
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Structure and loading
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Fig. 4.14. (d) Axisymmetric condition:
'Tu cylinder under internal pressure.
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Fig. 4.14. (e) Piate and shell structures.
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Displacement

Problem Components
Bar u
Beam w
Plane stress u, v
Plane strain u,v
Axisymmetric u, v
Three-dimensional u,v,w
Plate Bending w

Table 4.2 (a) Corresponding Kine-
matic and Static Variables in Various

Problems.
Problem Strain Vector g"
Bar [Exx]
Beam [Kxx]
Plane stress [€xx €, 7,]
Plane strain [€xx €y Pxl

Axisymmetric

[€xx € Y2y €il

Three-dimensional {€,, €,, €., Y., Py Vil

Plate Bending

[’cxx Kyy xx;]

[, _ du . dv _ du , dv
Notation: €, = Y €, = _dy' Pry = a__y + T
9w w0
s Kax = = K = — g Ko =255,

Table 4.2 (b) Corresponding Kine-
matic and Static Variables in Various
Problems.
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Problem Stress Vector ki
Bar [Txx]
Beam [Mxx]
Plane stress [Txx Tyy Txy)
Plane strain Txx Ty Tul
Axisymmetric [Txx Ty Tay Tail

Three-dimensional

Plate Bending (M, Myy Mxy]

[Bxx Ty Tar Tay Tyr Tail

Table 4.2 (c) Corresponding Kine-
matic and Static Variables in Various
Problems.

Problem Material Matrix C

Bar E
Beam EI
1 v 0
Plane Stress ——— | 1 0
I—v 1—v
00 3

Table 4.3 Generalized Stress-Strain
Matrices for Isotropic Materials
and the Problems in Table 4.2.
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ELEMENT DISPLACEMENT EXPANSIONS :
For one-dimensional bar elements

u(x) = Gy *+opX oc3x2 +... (4.46)
For two-dimensional elements

- 2
u(x,y) =0 FaoX FOgy Faxy HopX L.

V(Xa,Y) = B'I + 82X+ 83)"*' B4Xy+ 85X2+ e

(4.47)

For plate bending elements

W(Xoy) = g ¥ Yox + ygy + v xy + y5x2 LI

(4.48)
For three-dimensional solid elements

u(x,y,2) = oy + ooX+ ogy + oyz + agxy + ...
V(X3Y3Z) = B'I + 82X+ B3Y+ B4Z+ B5xy+ e

W(X,Y52) =Y+ VX +Y3Y + Y2+ Ypxy + ...
(4.49)
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Hence, in general

u=2%a (4.50)

i=Au;a=A"0 (4.51/52)

€=Ea; 1=C(C€ (4.53/54)

- -1 _ -1

H=¢A ; B=EA (4.55)

Example
£ P

7/ 3 Nodal point 6 ’g
Z Element@ @
e
Z N| 2 5 8
Z
_ ® ®
é Y.V Ay, v I %)
é ENLUTN 4 7
A xu XU p

{a) Cantilever plate {b! Finite element idealization

Fig. 4.5. Finite element plane
stress analysis; i.e. Ty7= Tyy = Tzx 0
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V2= U, vi=U,

U1=U5-—3L i’—» w=U

= structure nodal point
« no. 5 .

U=z - U=
3U3-3‘r f; 4= \q

V= U+ Vs Up

Fig. 4.6. Typical two-dimensional
four-node element defined in local
coordinate system.

Element nodal point no. 4

For element 2 we have

u(x,y) (2)
]
v(x,y)
where

T_
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Generalized coordinate finite element models

To establish H (2) we use:

u(x,y) = Qy +0pX + 0y + oy Xy

V(x:.Y) = B-I + Bzx + B3_Y+ B4X_Y

or
[u(x,y)}
=% a
v(x,y)
where
¢ 0
9=[— _];9= [1 x y xy]
0 9
and

o =[a) a, oz ay 8y B, By ;]

Defining

/\T-
u =luy vy uz uy vy vy v vyl

we have
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Hence
(1+x) (1+y)r 0 !
o=k L !
-4 0 I (1) (14y)!
2x8
and
u, v, u, T, u, v,

U Uy Uy Uy Us Usg Uz Ug Us Uy
HY - [ 0,0 5}1,, if,,i H,, H, ; 0 o ; H,, H,:
- 0 0 ;Hu Hyy ' Hyy Hiyt 00 Hp, HZ.;

u, v, —element degrees of freedom
Uy Uy Ups Ugy Uy g-—assemblage degrees
'Hy, Hyy: 0 0 !...zeros... 07 offreedom
P Hy, HI,SO O.E...zeros...OZI
2x18

(b) Local-global degrees of freedom

(a) Element layout

Fig. 4.7. Pressure loading on
element (m)
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In plane-stress conditions the
element strains are

T _
€ = [y €y vyyl
where
B e LAV _du, dv

exx_ax’eyy y’ny 8y+ax
Hence
B=EA
where

01 ¢ ysO 00 0
E={0 00 0'0 0 1 x

0 0 1 xio 10y

4-13



Generalized coordinate finite element models

ACTUAL PHYSICAL PROBLEM

GEOMETRIC DOMAIN
MATERIAL

LOADING

BOUNDARY CONDITIONS

MECHANICAL IDEALIZATION

KINEMATICS, e.g. truss
plane stress
three-dimensional
Kirchhoff plate

etc.
MATERIAL, e.g. isotropic linear YIELDS:

elastic

Mooney-Riv1in rubber ( GOVERNING DIFFERENTIAL

etc. EQUATIONS OF MOTION
LOADING, e.g. concentrated €.g.

centrifugal

etc. ] ou ) _

. 3% (EA 57) = - px)

BOUNDARY CONDITIONS, e.g. prescribed

displacements

etc. ,J

FINITE ELEMENT SOLUTION

YIELDS:
CHOICE OF ELEMENTS AND APPROXIMATE RESPONSE
SOLUTION PROCEDURES SOLUTION OF MECHANICAL
IDEALIZATION

Fig. 4.23. Finite Element Solution
Process
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Generalized coordinate finite element models

SECTION
ERROR ERROR OCCURRENCE 1IN discussing
error
DISCRETIZATION use of finite element 4.2.5
interpolations
NUMERICAL evaluation of finite 5.8.1
INTEGRATION element matrices using 6.5.3
IN SPACE numerical integration
EVALUATION OF use of nonlinear material 6.4.2
CONSTITUTIVE models
RELATIONS
SOLUTION OF direct time integration, 9.2
DYNAMIC EQUILI-| mode superposition 9.4
BRIUM EQUATIONS
SOLUTION OF Gauss-Seidel, Newton- 8.4
FINITE ELEMENT Raphson, Quasi-Newton 8.6
EQUATIONS BY methods, eigensolutions 9.5
ITERATION 10.4
ROUND-OFF setting-up equations and 8.5

their solution

Table 4.4 Finite Element
Solution Errors
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CONVERGENCE compatible
layout
Assume a compatible

element layout is used,
then we have monotonic incompatible
convergence to the layout

solution of the problem- |_
governing differential exampie P

equation, provided the
elements contain:

PILLL SIS LTS LIS LS SIS SIS A 7 LS 7SS ILJ SIS 2110 L

SIS SIS

1) all required rigid
body modes
2) all required constant

strain states
no. of elements

{f an incompatible element
layout is used, then in addition
every patch of elements must

be able to represent the constant
strain states. Then we have
convergence but non-monotonic

convergence.
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(a) Rigid body modes of a plane
stress element

v

Rigid body
translation
and rotation;
element must
‘ be stress-

1 free.

(b) Analysis to illustrate the rigid
body mode condition

Fig. 4.24. Use of plane stress element
in analysis of cantilever
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Rigid body mode A, =0

Rigid body mode A, = 0

Young's ——————— o]
modulus = 1.0 : i

Poisson’s
ratio = 0.30

Flexural mode A, = 0.57692

Fig. 4.25 (a) Eigenvectors and
eigenvalues of four-node plane
stress element
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Flexural mode A; = 0.57692
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Stretching mode A, = 0.76923
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Shear mode Ag = 0.76923

Uniform extension mode Ay = 1.92308

Fig. 4.25 (b) Eigenvectors and
eigenvalues of four-node plane
stress element
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a) compatible element mesh; 2 b) incompatible element mesh;
constant stress o__=1000 N/cm node 17 belongs to element 4,
in each element. Y¥ nodes 19 and 20 belong to

element 5, and node 18 belongs
to element 6.

Fig. 4.30 (a) Effect of displacement
incompatibility in stress prediction

oyy stress predicted by the
incompatible element mesh:
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Fig. 4.30 (b) Effect of displacement
incompatibility in stress prediction
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