FORMULATION OF
STRUCTURAL
ELEMENTS

LECTURE 7

52 MINUTES

7-1



Formulation of structural elements

LECTURE 7 Formulation and calculation of isoparametric
structural elements

Beam, plate and shell elements

Formulation using Mindlin plate theory and uni-
fied general continuum formulation

Assumptions used including shear deformations

Demonstrative examples: two-dimensional beam,
plate elements

Discussion of general variable-number-nodes
elements

Transition elements between structural and con-
tinuum elements

Low- versus high-order elements

TEXTBOOK: Sections: 5.4.1, 5.4.2, 5.5.2, 5.6.1

Examples: 5.20, 5.21, 5.22, 5.23, 5.24, 5.25, 5.26, 5.27




Formulation of structural elements

FORMULATION OF
STRUCTURAL
ELEMENTS -

@ beam, plate and
shell elements

® jsoparametric
approach for
interpolations

Strength of Materials
Approach

® straight beam
elements

use beam theory
including shear
effects

® plate elements

use plate theory

including shear

effects
(Reissner/Mindlin)

Continuum
Approach

Use the general
principle of virtual
displacements, but

-- exclude the stress
components hot
applicable

-- use kinematic
constraints for
particles on
sections originally
normal to the mid-
surface

** particles remain on
a straight line during
deformation”’

baam ) 2_ )




Formulation of strucfural elements
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a) Beam deformations excluding
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Fig. 5.29. Beam deformation
mechanisms
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Formulation of structural elements

We use
dw
Bzd—X-Y (5.48)
A
-V - - _S
T—As,y G,k A (5.49)
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Formulation of structural elements
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(a) Beam with applied loading

E = Young’s modulus, G = shear modulus

3
_5 A= - ab°
k=g A=ab. 1%

Fig. 5.30. Formulation of two-
dimensional beam element

S

A

-/ -/ ey

(b) Two, three- and four-node models;
6; =B; ,i=1,....q (Interpolation
functions are given in Fig. 5.4)

Fig. 5.30. Formulation of two-
dimensional beam element
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Formulation of structural elements

The interpolations are now
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. Formulation of structural elements

So that

1
K=EI J‘ B! B, det J dr

] 28 =g
1’ T
+ GAK (B,-Hg) ' (B,-Hg)det J dr
-1 (5.56)
and
1
R= f W p det J dr
= “w
’
1
;
+f EB m det J dr (5.57)

Considering the order of inter-
polations required, we study

L 9 L ’ )
- ds aw _ .
I[-f (dx) dx+(xj (dx B) dx ;
0 0

eAk (5.60)

o = FT

E

Hence

- use parabolic (or higher-order)
elements

- discrete Kirchhoff theory

- reduced numerical integration
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Formulation of structural elements
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Fig. 5.33. Three-dimensional more
0 1 general beam element

Y,
Here we use
q q
QIX(P,S,t) =Z hk Q’Xk"'% E akhk Q/VIEX
k=1 k=1
i 2.,k
S ,
*2 Z bhy Ve
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2 d d
y(r.s,t) =3 h 3 Zakhkzvty
k=1 k=1
q k (5.61)
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Formulation of structural elements

So that
u (r,s,t) = x-Ox
_ 0
v (r,s,t) = y-"y (5.62)
w (r,s,t) = z—oz
and
d t o k
u(r,s,t)=2 hkuk+§ E aihy Vi,
k=1 k=1
q
S k
3 Z bhy Vex
k=1
d t o k
V(ras,t)=z hkvk+—2—2 akhk Vty
k=1 k=1
q
S k
t5 2 by gy
k=1
d t O K
w(r,s,t)=z hkwk+E E ahy Vi,
k=1 k=1
q
S k
330 by Vg,
k=1
(5.63)

7-10



Formulation of structural elements

Finally, we express the vectors !'{
and y'; in terms of rotations about
the Cartesian axes x,y,z,

k _ 0,,k
Ve =8 < )
k
k _ 0
!s = Qk X lls (5.65)
where
r—ek -
X
o, = |e¥ (5.66)
% Yy :
k
_62 N
We can now find
£
nn q
B LR
k=1
Tng
where
T _ k .k .k
u = [uk Vi W 6 eyeZ] (5.68)
and then also have
T E 0 O e
mn nn
The =10 Gk O Yne
Tnc c 0 de _Yn?;_

(5.77)
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Formulation of structural elements

%, U
/ u=2z8(x,y) ; =-z8_(x,y)3
o, X y( y)
and w=w(x,y) (5.78)
Fig. 5.36. Deformation mechanisms
in analysis of plate including shear
deformations
Hence
- —
3
"_€ . _.BL
XX aX
BBy
Sy | T | T (5.79)
oB d
Y AR _B_y
| Yxy_] W X L
oW
Vyz 3y ~ Py
= 5 (5.80)
W
sz M + BX
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Formulation of structural elements

and
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- - - - —
(5.81)

] Mg ]

yz y Yy

= ?—(T—E"'\)-)— (5-82)
aw

| Tzx_ T BXJ

The total potential for the

element is:

e
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Formulation of structural elements

or performing the integration
through the thickness

A
where
8, | -
X oW _
oy vy
3B
K= |- Wx sy = (5.86)
ow
BBX B_Bl 5)'(“" BX
3y | _
1 v 0
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C, = - V 1 0 s
D 120149 1oy
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n 2 _
1 0
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0
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Formulation of structural elements

Using the condition 611=0 we
obtain the principle of virtual
displacements for the plate

element.
/‘a C .<dA+fSch dA
K Ly K Y XY
A A
-f&w pdA =20
A (5.88)

We use the interpolations

q q )
3
w—z hiwi ;Bx"zhiey
i=1 i=1
q .
_ i
By = E hy 8y (5.89)
i=1
and

q q
D ILIEEED PLN?
i=1 =1

1
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Formulation of structural elements

Mid-surface

Fig. 5.38. 9 -node shell element

For shell elements we proceed as in
the formulation of the general beam
elements,

N et
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(=1}
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sy
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= x
<

L _ '3
.Y(Y',S,t) _Z hk .yk+

k=1 k=1
. L t ] 2.,k
£ - =
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k=1 k=1

(5.90)
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Formulation of structural elements

Therefore,

k=1 k=1
where (5.91)
k _ 1,k 0yk -
!n = !n - y_n (5.92)
To express \_/lr: in terms of
rotations at the nodal - point k
we define
0,k _ 0,,k 0,k
0= (e 0n) /e, <1 5.9%)
O,k _0,k_0,k
y_2 = !nx !] (5.93b)
then
k _ 0yk 0,k
Vo= -V ot Yy By (5.94)
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Formulation of structural elements

Finally, we need to recognize the
use of the following stress - strain
law

(5.100)
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16 - node parent element with cubic interpolation L 2 N
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Some derived elements:

ANYANG Y

f 7 EIN

Variable - number - nodes shell element
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Formulation of structural elements

a) Shell intersections

b) Solid to shell intersection

Fig. 5.39. Use of shell transition
elements

7-19



MIT OpenCourseWare
http://ocw.mit.edu

Resource: Finite Element Procedures for Solids and Structures
Klaus-Jurgen Bathe

The following may not correspond to a particular course on MIT OpenCourseWare, but has been
provided by the author as an individual learning resource.

For information about citing these materials or our Terms of Use, visit: http://ocw.mit.edu/terms.



http://ocw.mit.edu
http://ocw.mit.edu/terms

